The force between an infinitely long dielectric cylinder in a constant electric field and a conducting half space is determined using the separation of variables technique on the Laplace equation in bipolar coordinates.
Introduction.
The change of the electric field due to the introduction of a conducting cylinder in a constant electric field bordering a conducting half space has been treated earlier [1] . In this paper a homogeneous isotropic dielectric cylinder is considered (see also [2] ). While the determination of the electric field and resulting force between the cylinder and the half space is straightforward if using the appropriate coordinate system, the calculation of the limiting value of the force for the cylinder approaching the half space is more intricate.
Indeed, the series solution representing the force is not uniformly convergent in this limit. In [2] it was shown by a numerical calculation that the limit cannot be taken term per term. This pure mathematical problem is solved by a very careful asymptotic analysis, which could be useful for other similar series as well.
Basic theory.
The problem is sketched in Fig. 1 . An infinitely long homogeneous isotropic dielectric cylinder with dielectric constant e is introduced in a half infinite space with dielectric constant £0 filled with a constant electric field E. The remaining half space is a perfect conductor. The axis of the cylinder is parallel to the boundary between both half spaces. The distance between the center of the cylinder and the boundary is h. The resulting electric field and the force between the cylinder and the conducting half space are looked for.
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The potential field inside (V-i) and outside (Vo) the cylinder can be written as the sum of the potential field V due to the constant electric field and a disturbance due to the introduction of the dielectric cylinder:
where (V is the nabla vector differential operator):
Since the cylinder is homogeneous, isotropic and free from external charges, the basic equation inside and outside the cylinder is the Laplace equation [3] :
The boundary conditions amount to: 1. The field must be symmetric about the i-axis. 2. Vdi must remain finite. av, av"
For the present geometry the use of bipolar coordinates (u,v) is very well suited (Fig. 2 , [4] ). The cartesian coordinates (x,y) can be expressed as The metric tensor components are ( [5] ):
(cosh-u -cost;)-
leaving the cartesian form of the Laplace equation unchanged, e.g., for Vdl:
aa/ ovz
The electric field Edi takes the form
where [du du
efu, ev are unit vectors in the bipolar coordinate system, ix,iy in the cartesian system. Using separation of variables the solution of Eq. (14) can be written as Equation (7) can be rewritten as
To get Eq. (24) , V has been rewritten as ( [6] , formula 1.461.2):
The unknown constants can be solved from Eqs. (21), (22), and (24): (27) (
Taking the limit for e -> oo, and switching the limit with the summation sign (allowed due to the uniform convergence of the above series) leads to the expressions obtained by H. Jenss [1] for the conducting cylinder.
3. Force acting on the cylinder. The mechanical stress vector at some point of the cylinder amounts to [7] : 
(-sinh uq sin v) dv.
Finally, substitution of (27) and (28) into (31) and (32) leads to Kx = 27T£o(^o -£2)E2r sinhuo n(n + 1) cosh uo(e sinh nuo + £o cosh nuo) -n2(esinh(n + l)uo + eo cosh(n + l)tto) (e sinh tiuq + eo cosh nuo)2(e sinh(n -f l)txo + £o cosh(n 4-1)iao) (33)
Equation (34) is a natural consequence of the symmetry about the x-axis. In Table 1 the dimensionless force K* defined by A'-= wfe <35»
has been calculated for several values of uq and £r = e/eq. Since
Mo is a measure of d for constant r, i.e., d -> 0 for uq -> 0 and r constant. Table 1 shows that for finite £r and Uq -> 0 (i.e., the cylinder approaches the conducting half space) the force remains finite, whereas for Er -+ oo, Uq -> 0 the values of K* seem to blow up like tt/uoThe latter case corresponds to a conducting cylinder approaching the half space and will be considered first since it is the simpler case. In this section the asymptotic behaviour of K* for er -> oo and uo -> 0 is looked at. For the conducting cylinder the nondimensional form of Eq. (33) yields n(n + 1) coshuo sinhmxo -n2 sinh(n + l)uo Kx = -2tt smhw0 > 2 7 r -■ (37) sinh nuo sinh(n + 1)mo
The statement at the end of the last section amounts to limo =
which has to be proven. The main problem in taking the limit of Eq. (37) for Uq -y 0 is that the limit and summation sign cannot be switched. Indeed, it is not difficult to check that the limit for each single term in the series for uq -y 0 tends to zero (for n fixed). This phenomenon can be better understood if one realizes that the series is not uniformly convergent in uq over the interval [0, a] where a is some positive real number. No matter how small uq is chosen it is always possible to find a value of n big enough to yield a significant contribution of nuo■ The key in the present asymptotic approach is that, although uo -> 0, no assumption is made about the size of nuo. Looking at the expression r . -K* . , n(n + 1) cosh uo sinh nuo -n2 sinh(n + l)«o 
Splitting into partial fractions yields: Table 1 for uq <C 1.
Conclusions.
The force between a dielectric cylinder in a constant electric field and a conducting half space has been determined using the separation of variables technique on the Laplace equation in bipolar coordinates.
The force has been obtained as a series containing the relative distance between the cylinder and the half space as a parameter.
Due to the nonuniform convergence of the series in this parameter, a special asymptotic analysis was needed to find the limiting value of the force as the cylinder approaches the half space. It was shown that for a dielectric cylinder the force remains finite whereas for a conducting cylinder the force is inversely proportional to the relative distance.
